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Resilience represents the system’s ability to retain its basic or optimal functionality in the face of various disruptions (1-9).
Dynamic resilience and structural robustness are two essential aspects of overall system resilience and have attracted significant
attention from the scientific community and inspired many significant studies in different areas (10-16). Several different
mathematical constructs have been used to quantify various dimensions of systemic resilience. Dynamic resilience mainly
focuses on a system’s stability as it evolves according to single-dimension or multi-dimensional nonlinear dynamic equations.
Systems encompassing a wide range of dynamical networks have been modeled through dynamic resilience, which has calculated
the system response to different perturbations and helped to offer potential intervention strategies to enhance system resilience
(10-13). For the case of structural robustness, researchers are typically concerned about the ability of a static topological
network structure to maintain its functioning defined by connectivity, after suffering different disturbances, failures, or attacks
(14-16). This framework is mainly used to analytically understand system resilience through percolation theory. This approach
often also requires significant computational power to deal with large-scale networks where the theories corresponding to the
thermodynamic limit can be observed.

Since the modular interacting network (MIN) system in our study is composed of large subnetworks that are coupled to
each other, through specific interconnected nodes, we use percolation theory as an appropriate approach to study the resilience.
The coupling patterns in the real system are diverse, not only exhibiting predetermined coupling patterns between given pairs
of subnetworks, like a star, binary-tree, etc., but also including random coupling patterns where subnetworks are randomly
selected to connect to some other subnetworks. To design or enhance the resilience of infrastructures, one needs to understand
how resilience is affected by different coupling patterns. Here, we introduce two kinds of frameworks to study the system
resilience with different deterministic coupling patterns, and random coupling pattern following some distribution.
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Fig. S1. Schematic representation for two types of deterministic coupling patterns. (a) Starlike coupling pattern where a central sub-network i is coupling with the other j,,
subnetworks. (b) A binary tree coupling pattern where sub-network 7 in one layer is coupled to two subnetworks in the next layer.

Deterministic coupling pattern

For the deterministic coupling pattern, the coupling between given pairs of subnetworks is predefined, as the examples shown in
Fig. S1. For this case, we define the following generating function for each sub-network i, as shown in Eq. [1] in the maintext,

Gi(zis,zj) = (1 — 1) ZP x” —&—mZP x“ HZP (k7 k]l. 1]
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From Eq. [1], we can obtain the following generating functions of the branching process (14, 17),
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where %&kl f; and %mfil ! represent probabilities of following a randomly chosen within subnetwork and between

subnetwork link to a node with k* links within subnetwork 4, and k¢ links to subnetworks j, respectively. Here, r; represents
the fraction of nodes within subnetworks i that are also connected to the other subnetworks. And, we define 1 — f;; and 1 — f;;
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as the probability that a randomly chosen intra- and inter-link respectively, lead to a node that belong to the giant component
of the system. The following self-consistent equations, Egs. [3], can then be solved (14, 18, 19),

{fii:Gii(l_p(l_fii)vl_p(l_fji)) [3]

fii = Gy(1 = p(L = f4;), 1 = p(1 = fiz))-

We define S; as the fraction of nodes belonging to the giant component within subnetwork i. After randomly removing 1 — p
fraction of nodes, one can obtain from Egs. [3] and Ref. (14)

Si=p[l—Gi(1—p(1— fu), 1 —p(1— f:))]. 4]

Then the S fraction of nodes belonging to the giant component of the entire MIN system, can be found to be (14, 19)

S
i
m

where m is the number of subnetworks.

Star coupling pattern. For the case of a star coupling pattern, Fig. S1(a) shows that subnetwork ¢ has a predetermined coupling
with the other subnetworks j,, h = 1,--- ,m — 1. Here, we test our theory for the case where the links within and between
subnetworks follow a Poisson degree distribution. For simplicity, we let N; = N, ki = k;, = k, kij, = kand r = T, =T,
h=1,---,m— 1. Egs. [1]-[4] become

Gi(zis, zji) = (1 — r)ek(l—z“;) + rek(lfzmi)6(m*1)1;(1*z_7‘i)’ [6}
Gji(zjj,xij) = (1 — r)ek(lfmﬂ) + rek(1=255) gk(1=as;)
P _ kp(fii—1)) kp(fii—1)) ,(m—1)kp(fj;—1)
fi=0—-r)e +re e ,
fis = ekp(fii71))e(m71)lz7p(fji71)7
R _ kp(fjj—1)) kp(f;;—1)) Jkp(fi;—1) [7}
fii (1—r)e +re € )
fie = ekp(fij—1) kp(fij—1)
{Si =p(1 - fii), g
S; =p(1 = fij)-
1 m—1
S:p[l—afu’—ifjj} . [9]
For the special case = 1,k = k, Eq. [7] becomes
fii = fi; = ekp(fiifl)e(mfl)kp(fjj*1)’
fjj _ fji — ekp(f5=1) gkp(fii—1) [10}

When the total number of links M is kept fix, the relationship between the different parameters is subject to the constraint

2”’)’7/1\/-[111&& + 2(m - 1)Minter

K =
mN mN ’

[11]

where K is the average of nodes in the whole MIN system, the size of subnetwork N; = N, Mintra= kN/2 is the number of
internal links in each subnetwork and Minter= k7N is the number of inter-links between any two subnetworks. Furthermore,
from Eq. [11], we can obtain

R—kt 2(m—1)rk.

[12]
As shown in Fig. S2, the theoretical results agree well with simulations for different parameter values.
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Fig. S2. Comparison between analytical (lines) and simulation (symbols) results for S as a function of p for a star coupling pattern, where the total number of links is fixed. The
theory comes from Egs. [7]-[9] and [12]. (a) The parameters are m = 2, K = 3 and k = 3 for different values of =, (b) Sz as a function of p with the same parameters as (a)
for different r. (c) For parameters m = 3, K = 4 and k = 3, for different values of r. (d) For m = 4, K = 6 and k = 4, with different values of r. For the simulation results,
the size of the subnetworks is N; = N = 107, i=1,---,m and results are averaged over 1000 independent realizations.

As m > 2, from Eq. [10], we get

b= In f;; _ In £y . [13]
k(fi5 =D +k(fis = 1) k(fi; — 1) + k(fizetm=2reln—1 —1)
For the case r =1, when f;; — 1, the percolation threshold can be got
m—1-—1
po= ¥YM=1-1 [14]
(m—2)k

Likewise, for the limit m = 2, p. = 5 from Eq. [10], which is similar as in Ref. (14).
For the case of star coupling pattern, we consider the degree distributions within and between subnetworks follow Power-law
and Poisson distributions with exponent A\; = A and interaverage, Eqgs. [1]-[4] become

- k;+1 —A k; k; —A k;+1 1—X 1k(1—
Gi(wi, wj:) = 1*"Zk [m)l — () M () = (i)t el DR,

1-X\ kitl N1-X 1-X kitl N1-X 1—x;,
Gi(ag2i5) = (1=1) T, | (i)' ™ = () } Ty Ty, [m) — (gt } Fimri),

[15]
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F a1 )Zk] [< km):i,+1)1ﬂ*(k:];~:l+1)kw’“j(lfp(l*fjﬂ)krl+ (16]
Jji = -r 3 e
ij |:<kmzn+1)1 A= <km1n+1)17>\j|kj
Do [( kw1§i+1)17>\_(kk — )kw by (1=p(1—£;;)) "5
J
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k;+1

k
Zk I:(kmirz+1)1 A (knn7z+1)l_)\:|kj
fi= B [ = i) ] (= pl1 — )b,

r
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{Si =p(1 - fu), (7]

Sj =p(1 = fi5)-

s=Ltg M 1g. 18]
m m

As Fig. S3 shows, the theoretical results agree well with simulations for different parameters.
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Fig. S3. Comparison between analytical (lines) and simulation (symbols) results for S as a function of p for a star coupling pattern within and between subnetworks follow
Power-law and Poisson distributions. The analytical results are from Eqs [12] and [16] - [18]. The parameters are kmin = 1, kmax = 1000 for the Power-law distribution. (a)
A =25 K =5,k =>5andr = 0.3 for different m. (b) m = 4, K = 5,k = 5 and r = 0.3 for different \. (c) m = 3, A\ = 2.5, K = 5 and k = 5 for different r. The
simulation results are averaged over 1000 independent realizations for Ny = N = 107,i =1, -- , m.

Binary tree coupling pattern. For the case of the binary tree coupling pattern, Fig. S1(b) shows that subnetwork ¢ in one layer
has a deterministic coupling relationship to the two subnetworks of the next layer. From Egs. [1] - [4], we can obtain the
following general formulas. For L = 2, Eq. [2] becomes

772
Gl(x11,$21 1 — T Zk kl ‘rll + T1 Zk kl $11 [Zk ZB21:| 5 [19}
Ga(z22,212) = (1 — 1o Zk /€2)l‘22 + 72 Zk s (k2) x22 Ek 33127
and for L > 2, Eq. [2] becomes
172
Gl(:vn,le ]. -7 Zk kl ZEH +7r Zk mll [Zk $21:| R
/ , 772
Ga2(w22,T12,%32) = (1 — 12 Zk s (ko) zh2 + 12 Zk s (k2)zs3 >0, Pe(k )k {Zk, Pe(k )9752} ;
ko 1 [20]
Gr-1(zr—1,0-1,20-2,0-1,20,0—1) = (L —rp_1 Zk s (kr—1 II’L 1,L-17T
kr / 2
rL— IZI@L Py(kp—1)z,;" 1L1 kP(k ilUL 2,L— 1{Zk 1’LL 1} )
Gr@rp,wr-1,0) =1 —=r) 3, P S(ke)zyty, +re Y, Pe(ke) ‘TLLZk (K )z 1,1
For both cases, Egs. [3] - [5] become
{fii—Gu‘(l—p(l_fii)yl_p(l_fji))a [21}
fii = Gi(L=p(1 = f5;),1 = p(1 = fiz)).
Si=p[l=Gi(1—p(l = fu),1 —p(1— f5:))], [22]
and
L
Z 2l715i
=1
== 2
S oL — 1 [23]
Additionally, when the number of total links is kept fix, the relations between the different parameters will be
7 2Minera (28 =D +2Miner2(2" " 1)
K= : 2L -1)N ’
Mintra = %7 [24}
Minter = %TTN
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Simplifying these gives,
4rk(2871 — 1)

R:
k+ oL — 1

[25]

We apply our theory for the case where the degree distributions within and between subnetworks follow Poisson distributions.
For simplify let k; = k, kij =k, r; =7 and N; = N. As L = 2, Eq. [21] becomes

fii=@1- T)ekp(fu—l) 4 7nekp(fn—1)62’7f19(f21—1)7

k - k -
fiz=e p(f11—1) o 2kp(f21 1)’

f22 — (1 _ T)ekp(fzz—l) + Tekp(fzz—l)efw(flz—l)’ [26]
for = ekp(fm*l)ekp(flz*l)’
As L > 2, Egs. [21] - [23] become
fi=(1- r)ekp(fllfl) + rekp(fll71)62’;?(}”21*1)7
fi2 = ekp(fu—1)62151)(f21—1)7
faz = (1— r)ekp(fn*l) + Tekp(fzz71)615P(f1271)e2151?(f32*1)’
for = faz = ekp(f22—1)61510(.1‘12—1)6277€I>(f32—1)7 [27]
foo = (1 _ r)ekp(fL,Lfl) + ,,,elw(fL,L*1)67_617(fL—1,L*1)7
— okp(frL,L—1) kp(fr—1,L—1)
foo—1=e e .
Si=p(1 = fu), o8]
Loty
S=p(l- 72’:21_1 ).

Fig. S4(a) shows that the analytical and simulation results agree well. One can observe that the system exhibits an optimal r*
for different parameter sets when the total number of links remain unchanged from Fig. S4(c)-(e). The critical threshold p. in
these figures is determined by the peak values of the second-largest component Sz, as shown in Fig. S4(b).
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Fig. S4. (a) Comparison between analytical (lines) and simulation (symbols) results for a binary tree coupling pattern with Poisson degree distributions within and between
subnetworks. S as a function of p is shown, and the analytical results are obtained from Egs. [25], [27] and [28]. The parameters here are L = 3, K=5k=3. (b) Sz asa
function of p for different » with the same parameters as (a). (c)-(e) p. as a function of - are from Egs. [27] and [28] for different parameters (¢) L = 3and K = 5, (d) L = 3
and k = 3,and () K = 5 and k = 3. Simulation results are averaged over 1000 independent realizations with N; = N = 107.
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For the binary tree coupling pattern, the degree within and between subnetworks follow power-law distribution with exponent
Ai = X and Poisson distribution with interaverage degree k. As L = 2, Eq. [21] becomes

fin= (177’)Zk1 [(kmﬁﬂ)l A (k:::irl)l_k]kl(l*p(lff“))kl_l
A k141 y1—x k1—

2o, [ = ) ]kl(l*pu*hl)) : 162Ep(f21—1),

P e e

Zkl [ mlfiﬂ ) ( Zli:il)l_/\:l (1-p(1 _f“))kle%p(le_l)’
P S et e ) L
22 —( 7“) Z [(k k2+1)1,>\7<kk2+<1#1)1,>\}k2
ko min min

k — ko+1 — —

Zkg [(kmii+1>l A7(’€71121'n+1>1 A]k2(17p<17f22))k2 1elgp(flz—l)7

far = S, (B — (bt )N (1 (1 — pyPciota,

For L > 2, Egs. [21]-[23] become

r

[29]

r

Zkl [( k,,,L]::LJrl A kkl,-+1 T )17)‘] k1(1—p(1—f11))k1 -1

mint

fii=(01-r) .
2o, ) =
DN e 2 L v 2 S e A A 7 S
e )
Zkl [(knLIZnJrl)l )\_(k:zliz‘l"1>l_A:|k1
=% () (7Zﬁ:i1)1_k] (1 =p(1 = fu))re2rtfz=b,
f (1 T)Zkz (kmzn+1)1 _(k:j:il)lik]k2(1_p(1_f22))k271
22 — -
Yo, (i) () = e
k — —
ZkZ [(kmm-*-l)l * (kni:-l*-l)l A]kz(l_p(l_fzz))kz ' 2kp(f12—1) Jkp(faz—1)
Z [(k k2+1)1—>\,(kk2+11)1—>\]k2 € € ) [30}
ko min min _ _
Emin Emin \1— — oo —
= o = 3, [ (st =] (1= 01 = fo) et it

+

T

T

k — kr+1 — —
S [ A = () A e (=p (= £ )P
fL L= (1 _ 'I") L min . min . .
) Z [(k L_y1-A_(; L+ )17/\];%
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kr, 1—X_(_kp+1 J1-x 1 kp—1
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foo—1= ZkL [ Emin 1 A (%)1 >\} (1—p(1— fL’L))kLel_cp(fL_lyL—l).

r el_vp(fL—l,L*U,

Si=p[l =Gi(1 =p(1 = fir), 1 —p(1 = f;:))]. [31]
ZLj 2k-1g;
=1

The theoretical results are testified by simulation results, as shown in Fig. S5.
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Fig. 5. Comparison between analytical (lines) and simulation (symbols) results for .S as a function of p. Analytical results are from Egs. [30]-[32]. (a) The parameters are
L =3, A=25 K =4,and k = 4. (b) The parameters are L = 3, K = 4, k = 4, and r = 0.25. Simulation results are averaged over 1000 independent realizations
with N; = N = 107.
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Besides the above examples, one can use the above analytical approach and generating functions to investigate the structural
resilience of any system with specific predetermined coupling patterns.

Random coupling pattern

In this section, we focus on coupling patterns based on random coupling following different distributions like random regular
(RR), Poisson, and power-law distributions (see Fig. 1 in the main text). The generating function for subnetwork ¢ is shown in
Eq. [1] of the main paper. The following branching generating functions are (14, 17),

K
Ps(k;)k; ki—1 Ps(k;)k; k;i—1 i k“
Gii(:riiymjl 1 — T Zk ((k >> x“' + i Zk ((k>> zz ZK Zk]7 kj )

K- [33]
i Py (K)K i kﬂ P (kPRI pii—
Gij (i, T 5) Zk ):sz ZK <(K)) Zkﬂ (k) an (kfz)xji .

K1
where W {Z wii Pe(K l)xf; } represents the probability of following a randomly chosen link to a subnetwork from a

subnetwork with K links in the MIN system. Similar to Egs. [3] and [4], 1 — fi; and 1 — f;, represent the probabilities that a
randomly chosen link within or between subnetworks belongs to the giant component respectively are

{fu‘ =Gu(1=p(1 = fi), 1 = p(1 = fj:)),
fii = Gy(1—p(1 = fi5),1 = p(1 — fiz)).

For the case of random coupling pattern, a node locating in the giant component of MIN must belong to the giant cluster S;
of subnetwork ¢, and also that the giant cluster S; should be contained in the largest component S of the overall MIN. Thus,

34]

S=5-5;. [35]
The largest component S composed of subnetworks connected via a random coupling pattern can be described by (17)

S=1-Go(X)=1-) P,(K)Xx". [36]

After randomly removing 1 — p fraction of nodes, one can obtain from Egs. [34] and Ref. (14),
Si=p[l—Gi(1—p(1 — fii),1 —p(L — fji))]. (37]

RR coupling pattern. For the RR coupling pattern with average degree K, where P,(K) = 1 and for all inputs other than K
the probability is zero. Then, Eq. [1] in the main paper becomes,

Gi(zis, xj:) = 1—“213 x”+nZP ) ZP ()% 38]
kit

For the case of nodes within and between the subnetworks both following Poisson degree distributions, we assume N; = N,
ki=k, kij=kandr,=r,i,j=1,---,m, Egs. [34]-[37] become

fis = (1 _ T)ekp(fii_l) + T(,zklﬂ(fqtqi—1)+K1;:D(fji—1)7
fii = ekzﬂ(fii*1)JrK1510(fji*1)7 [39]
Si=pll = Gi(L = p(l = fu), 1= p(1 = f5:))]; (0]
S =p(1 — fu).
From Eq. [39], we can obtain
1nf~ In fii—(1—r)ekr(Fii—1)
J s
p= - = - Y= : [41]
k(f“ - 1) + Kk(.sz - 1) k/-(f” _ 1) 4 Kk,‘( fii—(l—r):’”’(fm no 1)
In the limit f;; — 1, one can obtain the critical threshold
(k4 kK) — \/(k — kK)? + 4kkKr 2
Pe = 2kkK (1 —r) '
Similarly, for keeping the total number of links fixed, we get
R _ 2(1\/[in‘cra + KMinter) —k + T];ZK [43]

N
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Fig. S6(a)-(b) shows comparison of analytical and simulation results. It can be seen that simulation results agree well with the

analytical predictions. In Fig. S6(c), S2 as a function of p is shown, and p. being determined by the location of peak value of
Sa .
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Fig. S6. Comparison between analytical (lines) and simulation (sypwbols) results of S as a function of p for a RR cﬁoupling pattern. Analytical results are from Egs. [39], [40] and
[43] for different r. (a) The parameters are K = 6, K = 2 and k = 3 for different r. (b) K = 6, K = 3 and k = 3 for different r. (c) Sz as a function of p with the same
parameters as (b) for different . Simulation results are averaged over 1000 independent realizations with N; = N = 10° and m = 10%.

We next consider for the case of nodes within and between the subnetworks both following Power-law and Poisson degree
distributions. For simplify, let N; = N, \; = A\, kijj =kand r; =7, 4,5 =1,--- ,m. Egs. [34]-[37] become

f-. = (1 T) Zkt |:( km’i‘:‘*’l)17>\7(k§1ii:*1’1)17>\} ki(lip(lifii))kiil
" >, [ =G A
Zk- |:<km)i€r’i+l)1_>\7<k:ﬁii:il)1_>\}ki(17p(17fii))ki_1 Kkp(fj;—1) [44]
i Z [(k ki’+1)17}‘—(kki+i1)17)\} ks e Jt ,
kg min min

ki = k; — i k =
fji - Zkz [(krrlir\+1)1 A (kmi:r-lH)l )\] (1 —p(l - fu))k 6Kkp<f] 1)7

where kmin denotes the minimum degree within subnetwork. We then have

{Si =p[l = Gi(1 —p(1 = fu), 1 —p(1 = f5:))],
S=25;.

In Fig. S7, we observe that analytical results agree well with simulation results.
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0.2- 1 0.2 1
0015 . ; ; ; 4 004 : : : : g
00 02 04 06 08 10 oo o2 o4 o6 o8 10
p p

Fig. S7. Comparison between analytical (lines) and simulation (symbols) results for S as a function of p. Analytical results are from Egs. [44] and [45] with parameters
Kkmin = 1 and kmax = 1000. (a) The parameters are K = 6, K = 3, k = 3 and A\ = 2.5 for different r. (b) K = 6, K = 3, k = 3 and » = 0.5 for different . Simulation
results are averaged over 1000 independent realizations with N; = N = 10% and m = 10%.

Poisson coupling pattern. In this subsection, we study the Poisson coupling pattern, and assume that each subnetwork is
pling p y g
connected to average K other subnetworks. For the case of nodes within and between the subnetworks both following Poisson
degree distributions with average degrees k; = k, kij =k, let Ny =N, r; =7, 4,7 =1,--- ,m, Egs. [34]-[36] become
i = (1 = r)ekpUi=D § pekp(fis=1) K (P37 1)
11 - - ) 46
i = Ui K IT0 1) R (f5-1) [46]
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S=1-—e K9 [47]
S=258-8.
In the limit r = 1, kk # 0, from Eq. [46], we find
_ fji Fp(fsim
In fn o K(ekp(fj,;—l) - 1) In W — K(ekp(fj 1) _ 1)
L e T -
" (efcp(fji—l) - 1)
Furthermore, as fj; — 1, we obtain
(k4 k+kK) — /(k+k+kK)? — 4kk o)
be= 2kk '
In a different limit of » = 1 and k = 0, from Eq. [46], we get
In f;; — K(eFPUn—1 _1
k(fji —1)
Similarly, for f;; — 1,
1
e = —————. 51
Pe = R K + 1) 51]

For this case, the same formula as Eq. [43] can be used for the case where the number of links is held fixed. We see in Fig. S8
that analytical results agree well with simulation results.

(@ | o | |
0.02 1
r=0.15
0.01 r=0.15 =015
r=0.15 r=0.3
w r=0.3 r=0.3
r=0.3 n r=0.6
r=0.7 0.01+ r=0.6 ]
r=0.7
0.00+ , , 0.004 , _
0.05 0.06 0.04 0.06 0.08

Fig. S8. Comparison between analytical (lines) arjd simulation (symbols) results for S as a functign of p for a Poisson coupling pattern. Analytical results are from Eqgs. [46] and
[47]. (a) The parameters are K = 14, K = 4, k = 4 for different r (b) K = 12, K = 4 and k = 4 for different r. Simulation results are averaged over 1000 independent
realizations with N; = N = 10% and m = 10*.

For the case of nodes within and between tlle subnetworks both following Power-law with exponent A\; = A and Poisson
degree distributions with same average degree k, Eqgs. [34]-[36] become

ks _ . _ .
) klel _kki 11 i(I=p(1=f33))"*
f (1 )Zk [( nux’1+ ) A ( m?qurJr " N (I=p(—f ))k !
i =(1—-r . o T
> [ =
k; _ kitl 1 o ~
le I:(kmitﬁ’l)l >\7(kr11i11+1)1 A]ki(17p<17f“>>kl ' K(ekp(fj’iil)—l) [52]
ki 1—x_(_Fitl i aTp. € ’
Zki [( Fmin 1) (1) ]k1
i—1)

. _ ) _ ) Fp(fji
Fii = 2ok [Gas) '™ = ) 7 (L= p(1 = fia)) e

1)6]_917<fji*1>4

Si=p[l = Gi(1 —p(l = fii), 1 —p(1 = f5))],
S=1-eK5, (53]
5=5-8;.

Fig. S9 shows the agreement between analytical and simulation results for different parameters.
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A\=4.5
0.2 E
0.2 E
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Fig. S9. Comparison between analytical (lines) and simulation (symbols) resultsjor S as a function of p for a Poisson coupling pattern. Analy’tjcal results are from Egs. (52) and
(53) with parameters kmin = 1 and kmax = 1000. (a) Here K = 6, K = 3, k = 3 and r = 0.5 for varying A, (b) Here K = 6, K = 3, k = 3 and A = 3.5 for different r.
Simulation results are averaged over 1000 independent realizations with N; = N = 10% and m = 10%.

Power-law coupling pattern. Here we consider the Power-law coupling pattern where each subnetwork connects to a number of
other subnetworks follows a power-law degree distribution with exponent A\, average degree K and minimum degree kmin. We
first deal with the case where the degree within and between the subnetworks follow Poisson distribution with average degrees
k and k. We assume r; = 7,4 = 1,--- ,m, Eqgs. [34]-[36] become

fi=(01- 7«)ekp(fm:—l) + refr(fii—1) ZK [ kmf}ﬂ)l—k _ (kfi:il)l—k] eKkp(fji_l)’
Jii =

K 1—X K+1 \1—X (K—1)kp(fi;—1)
FP(fii=1) D (i) T - () ke ma SFp(Fji—1) [54]
)

1—X K41 y1—x
ZK [( m]n+1) (k111111+1) ]K

Go(X) = Sy [(ten)' ™ — (L) ] X%, 59

S =1-Go(f),

{Si =p[l—Gi(1 —p(1 = fu), 1 —p(1 = f:))], [56]
S=S-8..

Fig. S10 shows comparison between analytical and simulation results for the different parameters.

@ : : R L) : : — ©
1
r=0.04
- =0.04
r=0.1 r=0.04 ::0 04
021 r=0.1 i r=0.44 r:0l44
=0.44 01 1=0.44 1 o2 1=0.44
» r=0.44 n® =08 0" o4
r=0.8 r=0.8 :
r=0.8 r=0.8
0.0 9 0.0 ] 0.04 J
01 02 03 0.10 0.15 0.20 0.25 02 o4
p p p

Fig. S10. Comparison between analytical (lines) and simulation (symbols) results of .S as a function of p for a power-law coupling pattern. Analytic results are from Egs. (54)-(56)
with parameters kmin = 2 and kmax = 1000. (a) The remaining parameters here are A\ = 4.5, k=25and K = 2. (b) Here we show results for A = 3.5, k = 2.5 and
K = 2 with varying r. (c) Here we show results for A\ = 2.5, k = 2.5 and K = 2 for varying . Simulation results are averaged over 100 independent realizations with
N; = N =10° and m = 10°.

We next consider a power-law coupling pattern with exponent A, minimum degree Kmin and the maximum degree Kmax.
For the case of nodes within and between the subnetworks both following Power law degree distributions with exponent A; = A,
average degree k, minimum degree kmin, maximum degree kmax, and A;j = )\ , minimum degree kmm, maximum degree kmax,
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we assume Kmin = kmin = kmin and Kmax = Kkmax = kmax. Then, Egs. [34]-[36] become

f.. — (1 _ 7,) Zk1 [( kxx]licxi+1)175\7( :11:i1) ]ki(lip(lifii))ki71+
" Zki [( km]::;fl A k::n::il )1_;\] ki
o [ A = G A ks (1 —p (1= fi)) i~
r—t -
2o [ = (g A
’ ’ ’ 1K
K 1-X K 1-X kr 1-X k - k
S () ™ = ) [ S ()™ - ™ | a—p - £)F ]
kq A ki -3 i
fii =22k, [ ) (i)' A} (1—p(1 = fii))* [57]
’ ’ 7 K-1
ZK [( kmiIiJrl)li)\_(krf)(i::}rl)li)\]K[E |:( kmm+1) = _(k:z,i:il)lik :|(1—P(1—fji))k :|
I

S [t et | 000 -

o {( F T (kfm:l » }k

1—>\ K41 \1-\] v K
{ - ZK [ nun+1 - (kmin-‘rl) ] X7, [58]
S = 1 — Go(f),
Si=p[l=Gi(1—p(1— fi),1 —p(1— f5:))], 159]
S=5-85;.
As shown in Fig. S11, one can see that analytical results agree well with simulation results.
@, — ®) 10 S
0.8 r=0.2 1 0.81 =25 l
r=0.2 =25
r=0.4 A=35
0.6 1=0.4 1 0.6 1 =35 ]
wn r=0.6 7)) A=45
0.4 r=0.6 | 0.4l A=45 |
0.24 1 0.2 4
0.04 ; ; ; . : 0.0 . : . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
p p

Fig. S11. Comparison between analytical (lines) and simulation (symbols) results for S as a function of p for a power-law coupling pattern with power-law degree distributions
within and between subnetworks. The analytical results are from Egs. (57)-(59) with parameters kmin = 2 and kmax = 1000. (a) The parameters here are A = 2.5,

A = 2.5and A = 2.5 with different r-. (b) 7 = 0.3 for different A = A" = A. Simulation results are averaged over 500 independent realizations with N; = N = 10° and
m = 10°.
M&A network Data

From analyzing M&A network data of 18 years (2001-2018), the general information and statistical features for the two largest
M&A regions, Asia and America, are shown in Table S1,

Asia America__|[Inter Network
Node 28165 19672 5269
Link 32037 21706 4588
Average Degree 2.274951 2.206791 1.741501
Min Degree 0 0 1
Max Degree 544 253 211
A 2.6 2.6 2.6
r 0.12117877 [ 0.09205978

Table S1. General information and statistical features.

The degree within subnetwork for Asia and America regions show Power-law distributions as shown in Fig. S12.
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Fig. S12. The degree distribution of two subnetworks.

Fig. S13(a)-(c) show comparison of simulation results between the network model and the real network for S as a function

of p. One can notice that there exists an optimal 7 which is the same as the real network, as shown in Fig. 5(b) of the main
paper. Here the threshold p. is determined by using of peak value of S5.
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Fig. S13. (a)-(c) Comparison of simulation results for S as a function of p for network model and real network with the same parameters, as shown in Table S1, for different Ar.
(d) S2 as a function of p for different Ar for real network.
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